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Course Description

The course is organized in theoretical lectures and computer exercises. Theoretical lectures will be primarily
held at the blackboard and complemented by tutorials (aiming at the practical implementation in Matlab
of the methods considered during the lectures).

Topics

Review of beam theory and of standard displacement-based methods for planar frames. Basic concepts
of the finite element method (from strong form to weak form and approximation) and development
of a finite element scheme for Bernoulli-Euler beams, starting from the elastica differential equation.
Solution of frames including concentrated and distributed loads, prescribed displacements, concentrated
stiffness, internal constraints. Development of a finite element scheme for (shear deformable) Timoshenko
beams starting from the total potential energy. Shear locking issues and possible solution techniques.
Review of linear elasticity. Finite elements for linear elasticity in 1D and 2D. Development of triangular and
isoparametric quadrilateral finite elements. Numerical integration. Volumetric locking issues and possible
solution techniques. Review of advanced Computational Mechanics methods.

Learning Outcomes

Students will be able to formulate, implement, and critically evaluate finite element models for planar
frames and 2D linear elastic structures. They will possess the critical judgment required to select appropriate
element formulations, verify numerical convergence, understand and solve possible issues (e.g., locking)
and bridge classical finite element procedures with advanced computational mechanics frameworks.

Suggested reading material/Reference textbooks (if applicable)

In addition to specific papers and handouts indicated/delivered during classes, the following general

textbooks are recommended:

e Course notes.

e T.J.R. Hughes (2000), The Finite Element Method: Linear Static and Dynamic Finite Element Analysis.
Dover.

e O.C. Zienkiewicz, and R.L. Taylor (2005), The finite element method for solid and structural mechanics.
Elsevier.
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Assessment Methods

Assignments will be handed over during the course. The final examination will consist of two parts:
1) Implementation exercises to be solved in the computer lab.

2) Oral examination discussing assignments and theoretical aspects.
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Schedule and classroom:
Q See the calendar here

PROGRAMME

Lecture1(T)

« Introduction to the course (books, exam, organization, reception, ...);
«  The FEM method: basic idea and concept;

«  The very simple 1D example of “spring” element(s);

« Solution of very simplified “bi-material” axial problem;

« An overview of applications to real-life problems (slides).

Lecture 2 (T)

« Review of Beam theory:
Kinematics of Euler-Bernoulli and Timoshenko beams;
Equilibrium;
Constitutive equations.

Lecture 3 (T)

« Axial and bending Elastica;

« Direct Stiffness Method for building the bending stiffness matrix;
« Basic implementation instructions for building the matrix.

Lectures 4 and 5 (E,E)

« Matlab coding - intro: Input files, “for” loops, functions;

« Matlab coding — Towards cantilever beam solution: one E-B beam finite element (without matrix rotation);

« Matlab coding — Towards cantilever beam solution: assembly operation and code for two E-B beam finite
elements (without matrix rotation).

Lecture 6 (T)

« Stiffness matrix rotation;

« Implementation of the stiffness matrix rotation;

« Boundary conditions and solution of the linear system (displacements and reactions).

Lectures 7 e 8 (E,E)

« Matlab coding - distributed loads;

« Matlab coding - prescribed displacements;
« Matlab coding - internal constraints.

Assignment 1
Solution of a frame system including everything (EB elements, distributed loads, prescribed displacements,
internal constraints).

Lecture 9 (T)

« E-Bform. From strong to weak form;

« Galerkin approximation for the bending problem of an E-B element;
« Elementary stiffness matrix for one E-B element.

Lecture 10 (T)

« Total potential energy and functional stationarity;

« Timoshenko: principle of virtual works (weak form);
« Approximation of Timoshenko beams.

Lecture 11 (T)
« Shear locking in Timoshenko beams;
« Methods to contrast locking (underintegration and linked interpolation).
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Lecture 12 (E)
« Cantilever beam (Timoshenko elements) highlighting locking.

Assignment 2
Locking evidence for a cantilever beam, convergence plots, and problem solution.

Lecture 13 (T)
« Elasticity in 3D and reduction to 1D;
« Finite element derivation in 1D.

Lecture 14 (T)

« Mathematical spaces of functions;

« Numerical integration, implementation aspects, convergence rates;
«  Few hints on dynamics in 1D (mass matrix).

Lecture 15 (E)
« Matlab 1D problem coding: focus on L2-norm error computation and convergence rates.

Lecture 16 (T)

« Plane strain versus plane stress;

« \Voigt notation;

« Finite elementsin 2D (plane strain): strong and weak form, finite element discretization.

Lecture 17 (T)
« Linear triangular elements (TRI-3).

Lecture 18 (E)
« Matlab 2D problem coding: TRI-3 code and hints on the Assignement 3.

Assignment 3
Solution of a plane-strain problems with TRI-3 (linear triangular elements) discretization: 1) pure tension, 2)
pure bending, 3) plate with a hole.

Lecture 19 (T)

« Bilinear quadrilateral elements (part 1):
Isoparametric concept physical and parametric space);
Shape functions and derivatives;
Implementation hints.

Lecture 20 (T)

« Bilinear quadrilateral elements (part 2):
Computing derivatives: Jacobian;
Computing integrals: Gauss rule.

Lecture 21, 22 (E,E)
« Matlab 2D problem coding: QUAD-4 code and hints on the Assignement 4.

Assignment 4
Solution of a plane-strain problems with QUAD-4 (bilinear 4-node elements) discretization: 1) pure tension,
2) pure bending, 3) plate with a hole.
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Lecture 23 (T)
« Volumetric locking and possible solutions:
Underintegration;
Mixed formulations: UP formulation (with static condensation).

Lecture 24 (T)

+« More advanced elements:
4-node Pian-Sumihara element;
TRI-6 element.

Lecture 25 (E)
«  Q&A session;
«  Written exam examples.
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